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A Scaled United Atom Model for Diatomic Hydrides 

By 
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An eigenfunction for a diatomic hydride is approximated by a scaled eigenfunction (or 
linear combination of scaled eigenfunctions) for the corresponding united atom or separated 
ion (e.g., LiH, Be and Li-, respectively). All "atomic" contributions to the resulting energy 
expressions are obtained exactly from experiment. The sum of one-electron two-center coulomb 
interactions between the scaled united atom or separated ion charge density and proton are 
approximated by integrals over orthogonalized Slater atomic orbitals. Configuration interac- 
tion is invoked in three cases. Force constants, equilibrium internuclear distances and elec- 
tronic excitation energies are computed and compared with available experimental data. 

Eigenfunktionen ffir zweiatomige Hydride werden dutch Eigenfunktionen mit Skalen- 
faktor (oder Linearkombinationen von diesen) des entsprechenden vereinigten Atoms oder 
getrennten Ions (z. B. LiH, Be bzw. Li-) approximiert. Alle atomaren BeitrEge zu den resul- 
tierenden Energieausdrficken erhElt man exakt vom Experiment. Die Summe der Wechsel- 
wirkungen zwischen Elektronen (beschrieben durch Funktionen des vereinigten Atoms bzw. 
getrennten Ions) und Proton wird durch Integrale fiber orthogonale Slaterfunktionen approxi- 
miert. Konfigurationswechselwirkung wird in drei Fallen zugezogen. Kraftkonstanten, 
Gleichgewiehtsabst~nde der Kerne und Elektronenanregungsenergien werden berechnet und 
mit den verfiigbaren experimentellen Daten vergliehen. 

La fonction propre d'un hydrure diatomique est approxim~e par une fonction scal@e (ou 
une combinaison lin&ire de telles fontcions) pour l 'atome unifi4 ou l'ion s@par6 (p. ex. : LiH, 
Be et Li-, respeetivement). Toutes les contributions ((atomiques)) aux eneries r~sultantes 
s'obtiennent exactement de l'exp6rience. Les interaction de Coulomb mono61ectroniques 
dicentriques entre l 'atome unifi6 scal6 ou l'ion s6par6 et le proton sont approxim@es par 
d'int@grales sur des orbitales orthogonalis4es de Slater. L'interaction de configurations est 
appel6e en trois cas. On ealcu]e les constantes de force, les distances internucl~aires d'6quilibre 
et les compare aux donn@es exp6rimentales. 

Introduction 

One rather simple model for predicting internuclear distances and force 
cons tan t s  for hydr ides  was sugges ted  some t ime  ago b y  PLATT [14], s tud ied  criti- 
ca l ly  b y  CZI~TO~ [2] and  b y  BRATOZ, DAUDEL, ROUX and  ALLAVENA [1], modif ied  
b y  H~_LL and  REEs [7], and  app l ied  to  d ia tomic  hydr ide  ions b y  Mo~A~ and  
FRIEDMAN [12]. I n  the  HALL-I~EES modif icat ion,  the  t o t a l  e lec t ron dens i ty  for a 
d ia tomic  hydr ide  is t a k e n  f rom an  a tomic  calculat ion,  e i ther  the  un i t ed  a tom (with 
nuclear  charge Z § i )  or the  s epa ra t ed  ion (with nuclear  charge Z). This  e lec t ron 
dens i ty  is a ssumed  to be spher ica l ly  symmet r i ca l  and  i t  is modif ied for each 
in te rnuc lea r  d is tance  b y  a scale fac tor  de t e rmined  b y  energy  opt imiza t ion .  
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There are three objectives of  the work reported here:  1. to  remove the assump- 
t ion of a spherically symmetr ical  electron densi ty;  2. to  test  the applicabili ty of 
the model for predicting excitat ion energies; and 3. to  extend the model by  
including configuration interaction. 

Theory 

The electronic hamiltonian operator written in atomic units for an N-electron 
diatomic hydride MII  might  be wri t ten 

2"~-- T + Z A  4- B +  C ,  (I) 

where 
N 

T = - �89 ~ V~ (2) 

N t 
A _ ~ - -  (3) 

TMi 

N I 

B = - ~ ~.~ (4) 

N N ,1 

j>i TiJ 

Z is the atomic number  of  nucleus M. The Hamil tonian  for the uni ted a tom 
corresponding to an internuclear distance R = 0 is 

2 v =  T +  ( z +  t ) A  + C ; (6) 

for the separated ion resulting if a proton is removed from MH, the hamil tonian is 

Therefore, 

2 1 =  T + ZA + C .  (7) 

2 = 2 u -  A + B (8) 

= JFz + B .  (9) 

We consider next  the use of scaled eigenfunctions of 2 v  or ~/Px as variat ional  
trial functions for the diatomic system MIt.  

Let  }P (ri �9 �9 �9 rN) be a normalized eigenfunction of  5/Fu or 24~ I f  each electron 
coordinate ri in }P is replaced by  sr~, where s is a scaling parameter ,  and then  if the 
resulting function is renormalized, we obtain the normalized sealed eigenfunction 

T s  = 83N/2 T (srz . . .  sr~v) . (lO) 

In  the uni ted a tom case, we m a y  write [g] 

E = E u  s (2 -- 8) -- s L u / ( Z  4- l)  + s B ,  (1t) 

where E u  = f ~P*~f  vkPd'c and L u  = (Z 4- l)  .[ ~ * A ~ d ~ :  are the exact  total  electronic 
energy and nuclear a t t rac t ion energy, respectively, of the real uni ted atom, and 

J~ = .[ g / * B T d v  is a funct ion of ~ = sR .  I n  the separated ion case, 

E = E1 s (2 - s) + s B  . (12) 

The total  diatomie molecular energy for fixed nuclei is given by  ~ = E 4- Z / R ,  

where Z / R  is the nuclear repulsion energy. The op t imum value of s for each inter- 
nuclear distance R is determined by  energy minimization. 
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Table. Calculated and Experimental Properties o/Diatomic Hydrides 

Molecular Atomic Te x l0  -8 ~ ]c x 10 -8 re 
State S~ates cm -1 cm -1 dyne cm - i  bohrs 

H~ XiXg + Is 2 iSg 0 4089 4.97 1.40 
3862 4.43 ~1.46 
4395 5.71 1.40 

H e I E X e l  + 2s2Sg 0 917 0.40 2.28 
196 0.02 3.17 

LiH X i X  + 2s 2 iSg 0 1i63 0.70 3.38 
657 0.23 4.89 

1406 1.03 3.02 

Bel l  X ~ I  + 2p ~P,~ 0 2245 2.69 2.62 
1615 1.39 3.26 
2059 2.26 2.54 

:BeI-I A2Y/ 2p 2p~ 23.3 t540 1.27 3.00 
18.8 i l 08  0.66 3.73 
20.0 2088 2.33 2.52 

BHX1X '+ 2p:lDg 0 3694 7.43 2.09 
2p~lSg 2962 4.78 2.42 

2367 3.05 2.34 

:BH aalI 2p2 3pg ~16.5 2822 4.33 2.30 
19.4 2255 2.77 2.67 

[2.27] 

BH A I l I  2p ~ 1Dg 26.3 2822 4.33 2.30 
24.0 2255 2.77 2.67 
23.1 2345 2.99 2.31 

BH b31 - 2p~ 8pg 41.3 1841 1.85 2.69 
40.8 1468 t A7 3.13 

[2.31] 

BH ld 2p 2 1Dg 51A '1841 1.85 2.69 
45.4 1468 i.17 3.13 

:BH B1X '+ 2p 2 1Dg 59.1 t877 ~_.92 2.68 
2p 2 1Sg 48.8 t478 i.'19 3A3 

(52.3) (2400) (3.13) 2.30 

CH X~H 2p 3 2D~ 0 4475 t0.98 1.86 
2p 3 2Pu 3802 7.92 2.08 

(2862) 4.49 2.12 

CH ~Z'- 2p8 45, 8.6 3295 5.95 2.07 
14.8 2789 4.26 2.32 

CI-I A2A 2!93 ~Du 27.3 3295 5.95 2.07 
26.1 2789 4.26 2.32 

(23.2) 2921 4.67 2.08 
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Table (Continued) 
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Molecular Atomic Te x 10 -a ~o~ /~ x 10 -~ r~ 
Sta~e States  cm-1 cm -1 dyne cm -1 bohrs  

CH B~22 + 2p a 2D~ 27.3 3295 5.95 2.07 
26.1 2789 4.26 2.32 

(25.9) 2543 3.54 2.24 

CIt C2X+ 2p a 2Pu 36.7 3292 5.94 2.08 
30.9 2789 4.26 2.32 

(3t.8) 2824 4.36 2.10 

CH 2H 2p a 2Du 57.4 2136 2.50 2.46 
2p a 2Pu 51.0 1780 t .74 2.75 

N H X ~ Z  - 2p~3Pg 0 5134 14.6 1.69 
4507 11.3 1.85 

(3300) (6.O3) 1.96 

NH alA 2p 4 1Dg a '  = 15.6 5134 14.6 1.69 
a" = 10.5 4501 11.3 1.85 
a [3186] [t.97] 

N H  b in  + 2p 4 1Dg a '  + 10.7 5060 t4.2 1.69 
2p 41St a" + 7.5 4474 I A t  1.85 

a + (8.5) (3480) (6.7) 1.98 

32.5 364i 7.35 1.91 
27.9 3199 5.67 2.09 

(29.8) (33OO) (6.03) t .96 

N H  A3II 2pr apt 

Ntt  clH 2palD~ a" + 32.5 3641 7.35 1.91 
a ~ + 29.9 3199 5.67 2.09 
a + (3t.3) [2 t t9]  [2.13] 

Nil: d i n  + 2p ~ 1Dg a '  + 64.4 251t 3.49 2.25 
2p ~ 1St a" + 57.0 2125 2.50 2.48 

a + (70.5) (2640) (3.86) [2.13] 

OH X2H 2p ~ ePu 0 

OIt  A2L "+ 2p5 2p~ 

5633 t7.73 1.57 
5070 14.35 1.69 
3735 7.79 1.83 

I-IF X1Z + 2p 6 1St 0 

32.4 3886 8.44 1.79 
30.2 3494 6.82 1.92 
32.7 3181 5.65 1.91 

5988 20.2 1.48 
5485 t7.0 1.57 
4139 9.67 1.73 

F o r  g r o u n d  s t a t e s  of  t h e  u n i t e d  a t o m s  a n d  s e p a r a t e d  ions ,  n o n - r e l a t i v i s t i c  

v a l u e s  o f  Eu, Lu  a n d  E1  o b t a i n e d  f r o m  e m p i r i c a l  a t o m i c  d a t a  a re  u s e d  d i r e c t l y  i n  

t h i s  w o r k  [5, 15]. F o r  e x c i t e d  s t a t e s  o f  t h e  s a m e  s y s t e m s ,  e x p e r i m e n t a l  (hence ,  re la -  

t i v i s t i c )  e x c i t a t i o n  e n e r g i e s  (or, for  n e g a t i v e  ions ,  e x c i t a t i o n  e n e r g i e s  e x t r a p o l a t e d  
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from experimental isoelectronic series) are utilized; the average nuclearelec- 
tron attraction energy Lu is assumed to be identical for all electronic states of 

the same electron configuration (e.g., 8pg, 1Dg and 1Sg, ts22s22p2). Finally, B is 
computed using the appropriate united a tom or separated ion wave functions 
built from orthogonalized Slater atomic orbitals [13], however, using Zeff (is) = 
Z - 0.3125. 

In  line with all previous work, the above description is directed toward predic- 
tion of the equilibrium internuclear distance Re and force constant k for the lowest 
energy electronic state of any given symmetry  (which would include, of com'se, 
the ground electronic state). I f  one is interested also in a state not the lowest of a 
given symmetry,  then configuration interaction must  be invoked. In  principle, 
this will yield an improved description of the lowest state, as well as a prediction 
of the excitation energy Te. 

In  such configuration interaction treatments,  the matr ix  element 

H~m = f ~ s  ~ ~ s  dT (i3) 

is required; here, y~ns and ~ms are scaled eigenfunctions for the nth and ruth atomic 
states, both normalized and both containing the common scale factor s. For each 
internuclear distance R, opt imum values of the scale factor s for each diatomic 
state are obtained by  independently minimizing each energy root of the secular 
determinant [16]. Using Eq. (l) we may  write 

Hnm = I ~ [T + ZA + V] vm~ d~ + I ~.~ BWm~ d~ (14) 
where T + Z A  + C is the hamiltonian operator for a mononuclear species with 
nuclear charge Z and N electrons. I f  the atomic functions ~fns and ~fms have different 
eigenvalues of the operator L 2 (square of total  orbital angular momentum),  then 
the first integral in Eq. (~4) will vanish. I f  we consider those diatomic states which 
correlate with atomic eigenstates associated with the lowest electron configuration 
only, then this simplification applies in all cases t reated here. The final integral in 

Eq. (i4) is computed in the same manner as /~ in  Eqs. (1t) or (t2); viz., using 
united a tom or separated ion wave functions built from orthogonalized Slater 
atomic orbitals [13]. 

Results 
In  the table, we list complete results for the first-row diatomic hydrides. We 

indicate in the second column the atomic eigenfunctions used in the approxima- 
tion. For example, the X2Z + and AS/ / s ta tes  of Bel l  are approximated by scaled 
Is ~ 2s 2 2p 2p eigenfunctions of boron (ML = 0 and + ~ components, respectively) 
in the united atom model or similar states of Be-  in the separated ion model. 
Configuration interaction is invoked in approximating the ~Z + states of BH and 
N H  and the 2 / / s ta tes  of Cll. 

For each diatomic state, the first line contains results of the united atom 
approximation and the second line results of the separated ion t rea tment ;  experi- 
mental  results when available are given in the third line using HERZB~G'S nota- 
tion [8]. 

For completeness, we list both the fundamental  vibrational frequency toe as 
well as the force constant k ~ (~2or in spite of the fact that  they are related. 

The error in the former always appears less than in the latter since we a k 2 
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I t  can be seen t h a t  the  mode l  per forms  r a the r  well in p red ic t ing  f u n d a m e n t a l  
v ib ra t iona l  f requencis  and  equi l ib r ium in te rnuc lea r  dis tances.  Fu r the rmore ,  the  
average absolu te  error  in  the  un i t ed  a tom model  p red ic t ions  of  t e rm  values  Te 
is only  3.36 • i0  ~ em-~; in  the  s epa ra t ed  ion model ,  i t  is 2.72 • i03 cm -1. 

F o r  the  lowest  t r ip le t  s ta te  of  BH,  the  un i t ed  a tom model  gives Te = i6500 
em -1. This is to  be compared  wi th  previous  predic t ions  of  8i13 cm -1 and  8956 cm -1 
b y  ELHSON [6] and  HURLEY [9], respect ive ly .  I t  seems ra the r  clear t h a t  the  value  
given b y  the  presen t  model  is too high here. F o r  the  lowest  qua r t e t  exc i ted  s ta te  
of CH, we ob t a in  Te = 8600 cm -~ ; again,  there  have  been previous  predic t ions  of  
3640 cm -1 [3], 4840 cm -1 [9] and  3230 cm -1 [11]. A semiempir iea l  model  p roposed  
b y  P. C. H.  JOItDON and  H.  C. LO~GU~T-HIGol~S [10] gives 13970 cm -1 for th is  
s t a t e ;  however ,  the i r  mode l  y ie lds  t e r m  values  for the  observed  2A, ~Z- and  sX+ 
stgtes  which are 6700 to 9600 cm -~ too high. F ina l ly ,  the  un i t ed  a tom t e rm  value  
for the  lowest  s inglet  s ta te  of  N I t  is 15600 em -~, which agrees well wi th  HvgL~u  
pred ic t ion  ~4200 cm -~ [9]. 
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